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Abstract — It is well known that any 3-D state estimate Stereo-estimation in disparity space has two key advan-
computed from stereo camera measurements is corruptades ove3-D Euclidean space: (i) the noise in the state
by heteroscedastic noise due to the nature of the perspestimate is homoscedastic, and (ii) the projections inéo th
tive projection. It is also well understood that the imagebservation space (the two image planes) are linear. The
measurements used to estimate the 3-D state are inherentiynediate consequence of this is that the hidden state can
noisy. Despite the wealth of research in this area, the accnew be estimated with the linear Gaussian assumptions and
rate statistical characterisation of the uncertainty fanyg3- hence optimally and in closed form. The linear and Gaus-
D state estimation from stereo algorithm is less well undesian assumptions in disparity space allow for a straightfor
stood. This paper presents the Cramer-Rao Lower Bounard error analysis such as the computation of the Fisher
(CRLB) for 3-dimensional state estimation from a rectifieiformation and Cramer-Rao Lower Bound (CRLB). Once
stereo pair of cameras. The paper also presents a methodfloe CRLB in disparity space is known, one can derive the
efficient stereo estimation via Bayesian triangulationtth&orresponding CRLB i8-D by means of reparametrization,
achieves the CRLB. These results provide a basis3for thereby characterising the minimum variance of &y es-

D statistical estimation for camera-based sensor measut@nator from a rectified stereo pair of cameras.

ments. We illustrate the stereo estimation in disparity space with

Keywords: Cramer-Rao Lower Bound, Bayesian Triangul-Bayes'an stereo triangulation and provide the correspond-

lation, 3-D State Estimation, Rectified Stereo Cameras Ing 3-D estimates a_nd their variance as well as compare the
accuracy of the estimator with the derived CRLB.

i This paper is organised as follows. In Section 2, we de-
1 Introduction scribe tﬁe Fr)elated vgork in this area. In Section 3, we describ
In statistical stereo estimation, the hidden state of Eet-hI’jSsparity space and its relation to the two image planes and
dimensional system is estimated from image measuremef\{s |n section 4 we explain the concept of statistical esti-
generated by a stereo pair of cameras. The majority of stefg@tion in disparity space. We provide the statistical error
estimation algorithms estimate the hidden statg8-b Eu- analysis for disparity space aseD in Section 5 and illus-
clidean space, since we are generally interested in knaygte the approach with Bayesian triangulation in Section 6
ing the state of the object, such as position and velocity, j} Section 7 we test the Bayesian triangulation on simulated

the world co-ordinate system. Unfortunately, the prof@tti gata and compare the performance to the CRLB derived in
from the 3-D space (the state space) onto the camera iaction 5. We conclude in Section 8.

age planes (the observation space) is non-linear, viglatin

the linear/Gaussian assumptions and making it necessaryto K

resort to nonlinear approximations instead. Afurtherdiﬁé Bac ground

culty with statistical estimation i8-D is that the noise in the  Itis well known that3-D points reconstructed from stereo
state estimate is heteroscedastic, that is, the variantteofimages are corrupted by heteroscedastic noise and hence us-
state estimate changes with the position of the system. Tihg stereo-reconstructed data as an input to further estima
heteroscedasticity is a direct consequence of the naturdioh algorithms requires use of specific estimation methods
stereo reconstruction, as shown in Figure 1. These difficuthich explicitly model the error covariance [1, 2, 3, 4]. We
ties can seriously impede the reliability of statisticdlrea- show that a proxy estimation problem can be formulated in
tion algorithms. To address these, we propose a fundamdisparity space [5, 6, 7, 8], where the noise is reasonably as
tally different approach by performing recursive Bayesiassumed to be homoscedastic and the usual linear/Gaussian
stereo estimation in disparity space as an intermediape séssumptions hold. The results of linear/Gaussian estima-
to 3-D object state estimation. tion in disparity space can then be mapped iBtD via



P,.. We denote the homogeneous equivalent of the point
WasW = (X,Y,7,1)T € P3(R®). The images of the
point W are defined asv; = (u;,v,1)7 ~ AW and
w, = (ur,v,,1)T ~ P,W in the left and right camera’s
image plane, respectively, where-* denotes equality up
to a scale factor. The corresponding poimtsandw,. are
related by alisparitywhich, in the general case, is defined
as:

d(wi, wy) = (ur — ug, vp — v;). (1)

In the case of rectified images, the two corresponding points
lie on the same scanline, and the disparity simplifies to a
displacement along that scanline:

d(wi, W) = up — . (2)

For a rectified stereo pair of images, the disparity space is

Figure 1: Schematic illustration of the heteroscedastic noise ptppe then defined as a three-dimensional spate= {u,v,d}.
in stereo-reconstructed-D state estimates. The image planes have beéhhe so-defined disparity space is a projective space. This
split into discrete pixels and the corresponding image eagsshown. As  ~an be shown by deriving a projective transformatiom
the object moves further away from the sensor, its positioeertainty in-
) Vs T ner avey Senson 'S Ros! YN petweerPs (R?) andP?(D?), as follows.

creases, as illustrated by the quadrilateral formed bynte¥secting im- . . o
age rays. The shaded quadrilaterals illustrate the urogria the recon- We assume, without a loss of generality, a specific form of

structed state estimate for a disparity vailie- 3. the rectified projection matrices [20]. Let the left and tigh
rectified camera projection matricel, and P,., be written

o o _ as:

reparametrlzatlon of the po_sterlor_dlstrlbutlon which eom i oy Py Py Py
pletel_y characterises the ersﬂmgtéﬂﬁ). Po=| ph 1Py Py phy 3)

Using the concept of disparity space, we al_so perform ph, phy phy Dhy
an error analysis of th8-D from stereo estimation. Per- ; ; ; ;
formance estimation in computer vision is an actively de- - plll plu Pl13 pl14
bated problem [9] and in the area®sD reconstruction from b= p121 pl22 p123 pl24 : 4
stereo, several papers address the error propagation due to P31 P32 Psz Psa

noisy image observations, for example [10, 11, 12, 13, 14rojecting a pointW = (X,Y, Z,1)7 into left and right
however, little is known about the efficiency of these estisiew gives the left and right image point; andw,.:
mators. Sibleyet al. [15] attempted to derive the CRLB for

estimation from stereo, though the work did not provide an P X 1o Y a2 4y

nalytic form for the CRLB and assumed that the estim o R A AT -
analytic form for the and assumed that the estimag, _ | , | = | plX4pb,v4phztol, | ~ AW (5)
tion in depth was independent of co-ordinates parallel¢o th 1 Phy X+p4, Y +phs Z+ph,
i 1
image plane.

We derive the Cramer-Rao Lower Bound (CRLB) for " P Xpy, Y Apa 2ty

. . e . . _ r p 1X+p 2Y+p 3Z+p 4 o

D_ state estlmatlo_n from rectified stereo images, which pr‘o)V = v | = | Phixeplyslizesl, ~ P,W (6)
vides the theoretical lower bound on the variance ofdiy i Pl X Pk, Y +phs Z+ph,
estimation from rectified stereo and can as such be used as
a performance metric in addition to the ground-truth data . g ] _
used, for example, in [16] to evaluate the performance §fP0ints € P*(D7), is defined as:
stereo reconstruction algorithms. An unbiased estimator u
which meets the CRLB with equality is said to be efficient, v
see, for example [17, 18]. We provide an example of such R T w |
an efficient estimator in the form of Bayesian triangulation " 1
in Section 6. A stereo multi-object filtering extension dkth
method was presented recently [19], which can be used fo Phy X+pt, Y +pls 240,
automatic Bayesian feature correspondence in the presenge Por X405 Y +P35 2473,

f fal I d . d detecti P21 X+Poo Y +pr3 Z+poy
of false alarms and missed detections. Ph X aplaVplaZapl, @

P X+p1oY4pisZ+p, P X+p,Y+pls Z4pl,
Phy X+ Y +phs Z+ph, Phy X +ho Y +phs Z+ph,

3 Disparity space 1

H — T 3 . . .
~ Let us assume that a poiW = (X,Y,Z)" € R® anqhe linear transformatiaf, for which
is viewed by two distinct cameras, left camera with pro-

jection matrix P, and right camera with projection matrix s~ PpW, s WecP? (8)




State [y
space ‘.V 7 Original w y
X state z

space x
P’ Pr PD(PHPI-)
_ & N
Ob: t
proxy’ S d
u left image plane u right image plane state
1 2 space u
H, H,
Figure 2: The nonlinear nature @tD estimation from it v w'/ v, ;‘
. observation 1 P
stereo. The mapping from the state space onto the obs | space m e o
vation space is specified by the camera matrigeand P, : :
Linear/Gaussian model

and is nonlinear in Euclidean coordinates.

Figure 3: Linear estimation in disparity space. Instead of approxima

as ing the non-linear transformation froR?® to the two image planes, linear
. . . . estimation can be done in disparity space and the resultaig sstimates

Plu Pl12 Pl13 Pl14 transformed intd®?3 using Pp from Equation (9).

P = P21 P22 Pas Pag
D — roo_ ol ol ro_ roo_ ol
P11 l P11 P12 ; P12 P13 l P13 Pia l Pia h . ingin di . he hidd
Dsq Do Das Dy When estlmatlng n |spar|ty space, the hidden state now
(9) becomes

The transformatiod®y, is the link betweeiR? andD? which s = (u,v,d)T, (10)
allows us to map the disparity space points iat® and . . . .
vice-versa P parity sp P a whereu andv designate image column and row dimensions,

respectively, with respect to the left image plane, druk-

" . . . . . notes the disparity between the pofnt, v;) in the left im-
4 Statistical Estimation in Dlsparlty age and the corresponding point., v,-) in the right image.

Space We assume a rectified camera setup, which means that the

Statistical estimation i8-D from observations generate orresponding points are in fact, v;) and (uy, vi), and
he disparity becomes a scalar valdes u, — u;.

by a stereo pair of cameras must account for the nonlin- Lo
Lo : . : Contrary to estimation ir3-D, we now do not have to
earity in the observation model as shown in the Figure 2.

. . . S . \fvork with homogeneous coordinates anymore because the
For example, in recursive Bayesian estimation, the olgec

" ) . observation model becomes a simple orthographic projec-
state transition model i8-D can be modelled as linear, how-, P graphic proj

. . - tion, one for each of the cameras:
ever, the observation model is clearly nonlinear. As a conse

guence, estimating the hidden statg84b with observations 1.0 0
given in the image plane does not have a closed form lin- qY = ( 01 0 ) ; (11)
ear/Gaussian solution and approximations, such as particl
filters, must be used instead. Frequently, the nonlinearity
the observation model is avoided by mapping the observa- HPZ = ( 10l ) , (12)
. ) . . . 0 1 0
tions into3-D via triangulation, however, as pointed out by
Sibleyet al. [15], this inevitably leads to filter divergence. and hence the observation model is linear:
The nonlinear observation model can be overcome in a
principled manner by estimating in disparity space instead (u, )" = HUs (13)
Disparity space is linked to theD space, in which the ob- (u+d, U)T — H[2]57 (14)

jectreally exists, via the projective transformatiBp given

in Equation (9). If we know the hidden state estimates in disthereH(1), H!2] are the projections for left and right cam-
parity space and have a calibrated and rectified stereofpaieta, respectively.

cameras, we are able to compute the corresponding hidddre proposed framework is shown in Figure 3. An addi-
state estimates iB-D space. The trick is in realising thattional benefit of estimating in disparity space is that this@o

the transformation between disparity space&iidoes not in the hidden-state estimates is homoscedastic. This is not
need to happen in the Bayesian recursion, where the nontiue for3-D space, where the variance of the state estimate
earity of the observation model complicates things. Irsteancreases with the distance from the cameras. This in turn
the recursive Bayesian estimation is done in disparityspaneans that we can formulate the recursive Bayesian estima-
and the resulting posterior distribution is transformeit intion in disparity space as a linear/Gaussian problem and pro
3-D afterwards. vide an optimal, closed-form solution. The linear/Gaussia



model in disparity space lends itself to a straightforward €;j-th) element of the parameter vector

ror analysis and provides a perfect platform for statistica

error analysis oB-D estimation from stereo, based on the Hence the Fisher Information Matrices for the camera
observations in the image plane, which we provide in thielihoods are

next section.
5 Error Analysis for Estimation from Tp-1 o o
( 11)
Stereo M) = 0 R o (20)
In this section we perform a formal analysis of the es-
timation error from a rectified stereo pair of cameras. We - 0 0 0
provide the statistical characterisation of the estinmatio (RZ)-1 0 (R#)-1
ror in 3-D using the Fisher Information and the Cramer-Rao 2 N
Lower Bound (CRLB) [17]. I¥(s) = 0 (R32)~ 0 (21)
5.1 Cramer-Rao Lower Bound in Disparity | (R 0 (RY)™
Space

Lets = [u,v,d]’ be a state in disparity space. Let uFortheJomt likelihood:

then suppose that we sampléndependent, identically dis-

tributed (i.i.d.) random variablﬁll, ...,z from the first 1] [ 02 (2] 22
camera likelihood functiow!" (z|s) andm i.i.d. random °° (Zl A A |S) (22)
variableszl2 ...,z from the second camera likelihood ﬁ 2ll}) H 21(512)s)
function gi? ( s ) We assume that the observations in the iy %

left camera are independent from the observations in the

right camera. the Fisher Information Matrix is then:

The variance vdg) of any unbiased estimatar of the
states € D3 is bounded by the inverse of the Fisher Infor-

mation/(s): I(s) = n- IW(s) + m - 1%(s), (23)
var(s) > I(s)™*, (15)
which is a constant for any given number of measurements
where n andm.
I(s)=Es |—%In (H gt ) [ ] o2 (27]s) )] Hence
=1 j=1
(16) Iy 0 I
n Is)=| 0 5 0 (24)
= Es |—v2In ggl](z£1]|s) X ,
2wl B0 oo
+Y Es [f v2In (gf] (2] |s))] where
= ) 2]
s 1]y -1 2]\—1
Now suppose that the camera likelihood functions Ity =n(Ryp) ™ +m(Ryy) ™, (25)
g1 (z1Ys) andg? (212 |s) are Gaussian, i.e., I8, = m(REH) 1, (26)
gz |s) = N (21, Hs, RI), (17) I3y = n(R5) ™ +m(R5) ™. (27)

[2(,[2]]1g) = (2. gl2lg Rl
g5 (z%]s) = N2 Hs, B, (18) The Cramer-Rao Lower Bound (CRLB) is then found by

where the observation noise covariand® and k2! are t@king the inverse of (24).

assumed to be diagonal. The j)-th element of the Fisher
Information Matrix for a Gaussian distribution is

IS 7]5 —1 0 - IS 715 -1
I . = a(z - HS)TR_l a(Z — HS) 19 ( 11 13) o ( 11 13)
M Os ds; (19)  var(s) = 0 I3, 0
s s \—1 s s s s
whereH is the projection fronD? onto the image plane? — (5, — Iis) 0 I3 /(I35 (I3, 7(1213)))

is the measurement noise covariance, sin@;) is thei-th



5.2 Cramer-Rao Lower Bound in 3-D Let I;; refer to the individual elements if(s). Then the
The estimation in disparity space described so far dog§her Information Matrix fos-D becomes

not require any knowledge of the actual camera parameters Iy 0 Kis

involved. The only assumption is that the cameras are recti- 1 . L e

fied. In order to establish the connection between estimated W) = 72 0 13 —z 3 Y) |,
in disparity space and estimates3itD, the actual cameras Kis _% (I35 -Y) K3

must then be specified. In the following we assume, without (36)

loss of generality, a canonical rectified stereo pair of cam-
eras, where the left camera is at the world origin and théere
right camera is displaced along theaxis by a baselinés:

1, . ;
Klgz—E(Ifl-X-i—Ifg-B), (37)
) 1000 1
=010 0], (29)  Ksz= 5 (I - X* + Iiy - 2X + B)B + I3, - V7).
0 01 0 (38)
The inverse of this gives us the minimum variance on the
1 0 0 B . - . .
P=1lo0o10 o0 (30) estimator for3-D. The information about any estimate ;n
' 00 1 0 or Y degrades withZ>, and the information about de-
grades with-1;. It should be stressed th&{W) has no
The correspondin@p is then dependence on disparity space and that the result above is
the Fisher Information for a pair of rectified cameras. The
1 0 0 O inverse of/(W) (CRLB) gives the minimum measurement
010 0 error covariance for estimation in B-
0 0 0 B I I I
0 0 1 0 11 12 13

A 1

valW) = — - —————
W) =5 s (If) — I73)

Lis Loy I})YZ

and the resulting link between the disparity space il Lis I5YZ 3,27

in Euclidean coordinates is as follows:

(39)
XY B
=, =, =)' =(X,Y,B,2)" ~ Pp(X,Y,Z,1)T
(7551 =X.Y,B,2) p(X,Y,Z,1)",  where
(32) Ly = (I}, X* + I}3(2X + B)B) (40)
where the homogeneousvector with the last coordinate = 1 13 ’
equal tol can then be interpreted as a Euclidegavector Ly = (I} X + I3B)Y, (41)
and hence vy B Lis = (I}, X + I{3B) Z, (42)
T (2 2NT I IY? + 113B% (I — T
(u,v,d) (Z’Z’Z) : (33) Ly = 122"+ 113 (11 13)_ (43)
22

Let therefores = [u, v, d]” be a state in disparity space a . . .
before,s € D3, and[VV = ][X, Y, Z)T be the crz)rre)sl,pgnding% Bayesian Triangulation
state in3-D, so that(u, v, d, 1)T ~ Pp(X,Y, Z,1)T, where In this section, we illustrate the statisticalD estima-
Pp is now given in Equation (31). tion process with a Bayesian approach to stereo triangula-
The Fisher information is dependent on the parametrigign from a rectified pair of cameras and compare the per-
tion of the state space chosen. By the chain rule, we ci@imance of the estimator to the Cramer-Rao Lower Bound
use the Fisher Information Matrix in disparity space, (24yerived in Section 5.2.
to find the Fisher Information Matrix iB-D, 6.1 Bayes Update in Disparity Space
I(W) = JT](SM (34) We select a prior distributiops(s) in disparity space and
apply Bayes' rule with the likelihood given in Equation (22)
where.J is the Jacobian matrif = -2 with components Hence the posterior distribution updated withmeasure-

Jo — 9si aw ments from the first sensor amd measurements from the
1] T W, " .
J . . second sensor is
Hence, the Jacobian matrikis
(1] (1 12 [2]) _
71 0 _x ps(s|z1 yeeyZh Z Lzl ) = (44)
. 9a(8)a (zm e Z[2]|S)
0 Z71 7ﬁ (35) s s 1 992 %n 47 y---y4m
0 o0 -Z& S os()gs (Al 2P, allls) s



In order to obtain a closed form solution for the posterior Then, if we reparameterize the posterior ir¥®d, we
distribution in equation (44), we select a Gaussian pribave [23]:

ps(s) in disparity space. The posterior distribution is then

obtained through the recursive application of the Kalman fil pw(W) =ps (Pp(W)) - [Jw(Pp(W))|  (56)
ter update [21, 22].

Suppose that the prior distribution in disparity space Heterminant, with the Jacobian matrix given in Equation

the Gaussiat\'(s; m, P). Then, for each measuremertt 35). The Jacobian determinant equBl&Z* and hence the
from the camerd, we update the prior with the Gaussia osterior in (54) follows.

likelihood N (zl'; Hl/s, RI"!) to obtain the updated poste-
rior GaussianV/(s; m(zl), P) as follows. 7 Simulations

N (2; HUls, RIN (s;m, P) = q(zl")N (s; i (2"), P) In this section, we present some simulated results for the
(45) Bayesian triangulation and compare with the Cramer-Rao

where the updated mean and covariance are calculated wiff{V€" Bound for stereo estimation derived in section 5. The
results compare the diagonal elements of the CRLB with

where|Jw (Pp(W))| is the absolute value of the Jacobian

m(z) = m + K (2 - 2), (46) the covariance matrix from Bayesian triangulation that has
p— (I- KH[i])R (47) been reparfar_netrized _into 3-D. The covariance is found by
reparametrising the with
and where
. o I(W)=JTp~1J, (57)
q(z!") = N(2l"; 2, 9), (48)
45— Hlim (49) whereP is the covariance estimate determined in disparity
X - space through the Kalman filter update ahid the Jacobian
K =PH)TS, (50) in section 5.2.
S = HApHIT 4 Rl (51) The mean inX, Y andZ are found with
The normalising factor for the Bayes update with a single E[X] = /OO X - pw(W)dW (58)
measurement ig(z[")), so this term cancels and we are left 0
with the GaussiatV (s; i (z[7), P). The update described [
above can be applied recursively for all of the measurements ElY] /0 Yo pw(W)dW (59)
received from both of the cameras. Hence the resulting pos- oo
terior is Gaussian in disparity space. E[Z] /0 Z - pw(W)dW (60)
6.2 Reparametrization in to 3-D respectively. in order to compufg[X|, E[Y] andE[Z].

In order to obtain the state irB-D, we need to The simulations results were taken over 100 Monte Carlo
reparametrize the posterior distribution from disparityuns. The baseline was chosenfas= 100m, and the point
space to th&-D co-ordinate system. in 3-D space was0, 0, 25]7, which gives a point in dispar-

ity space of(2,0,2]7. The observation covariancég and
Theorem Suppose that the posterior distribution inR, were the same for each camera,
disparity space is given by the Gaussian distribution

[ 1 0
Ds (s|z[11],...,zw,z[f],...,zg}) = N(s;m, P). (52) B=R=o ( 0 1 )7 (61)
Then the posterior distribution B+D is given by with observation noise standard deviatien= 0.3. The
filter is initialised with a random mean and large covariance
rw (W|z[11], I ,zfj) (53) matrix to represent an uninformative prior.
B ) Figure 4 compares the diagonal elements in the CRLB
=1 -N(Pp(W);m, P), and Bayes updated covariance matrix. Note that the results

of the Bayesian triangulation correspond with the CRLB
where Pp(W) denotes the disparity space projectiowhich indicates that the estimator is efficient. This should
of the 3-D point W = (X,Y,Z)" e R? in Euclidean pe expected since the estimator is Bayes-optimal in dispar-
coordinates. For example, for a canonical set of rectifiq:g space and finding the mean in the reparametrised space
cameras with a baselim®, (X/Z,Y/Z,B/Z)" = Pp(W). s therefore also Bayes-optimal. Figure 5 compares the sam-

ple variance from 100 Monte Carlo runs using numerical in-

Proof In order to simplify the notation, we write tegration inZ. The sample variance is actually below the
. [ 1 2] 2] CRLB in these simulation runs which indicates a possible
ps(s) 1 = ps (S|Zl oo Bn B2 ) (54 piasin the experiments. This bias could be introduced in the

numerical integration step since we are required to define a

. (1] ] M2l 2]
pw(W): = pw (W|Z1 BB ""’Zm)' (55) finite region in which to integrate.
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8 Conclusion

In this paper, we derived the Cramer-Rao Lower Bound
for 3-D state estimation from rectified stereo. Using dis-
parity space as an intermediate space betvgeBrand the
measurement spaces (the image planes), we derived an ana-
lytic form for the Fisher Information matrix and the Cramer-
Rao Lower Bound. We illustrated tlseD estimation with a
Bayesian approach to stereo triangulation in disparitgspa
and analysed the performance of the algorithm with respect
to the derived bound. The results presented are an essential
performance measure for the reliable assessment of object
estimation an@-D reconstruction algorithms from stereo.
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