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Abstract – It is well known that any 3-D state estimate
computed from stereo camera measurements is corrupted
by heteroscedastic noise due to the nature of the perspec-
tive projection. It is also well understood that the image
measurements used to estimate the 3-D state are inherently
noisy. Despite the wealth of research in this area, the accu-
rate statistical characterisation of the uncertainty for any 3-
D state estimation from stereo algorithm is less well under-
stood. This paper presents the Cramer-Rao Lower Bound
(CRLB) for 3-dimensional state estimation from a rectified
stereo pair of cameras. The paper also presents a method for
efficient stereo estimation via Bayesian triangulation that
achieves the CRLB. These results provide a basis for3-
D statistical estimation for camera-based sensor measure-
ments.

Keywords: Cramer-Rao Lower Bound, Bayesian Triangu-
lation, 3-D State Estimation, Rectified Stereo Cameras

1 Introduction
In statistical stereo estimation, the hidden state of a three-

dimensional system is estimated from image measurements
generated by a stereo pair of cameras. The majority of stereo
estimation algorithms estimate the hidden state in3-D Eu-
clidean space, since we are generally interested in know-
ing the state of the object, such as position and velocity, in
the world co-ordinate system. Unfortunately, the projection
from the 3-D space (the state space) onto the camera im-
age planes (the observation space) is non-linear, violating
the linear/Gaussian assumptions and making it necessary to
resort to nonlinear approximations instead. A further diffi-
culty with statistical estimation in3-D is that the noise in the
state estimate is heteroscedastic, that is, the variance ofthe
state estimate changes with the position of the system. The
heteroscedasticity is a direct consequence of the nature of
stereo reconstruction, as shown in Figure 1. These difficul-
ties can seriously impede the reliability of statistical estima-
tion algorithms. To address these, we propose a fundamen-
tally different approach by performing recursive Bayesian
stereo estimation in disparity space as an intermediate step
to 3-D object state estimation.

Stereo-estimation in disparity space has two key advan-
tages over3-D Euclidean space: (i) the noise in the state
estimate is homoscedastic, and (ii) the projections into the
observation space (the two image planes) are linear. The
immediate consequence of this is that the hidden state can
now be estimated with the linear Gaussian assumptions and
hence optimally and in closed form. The linear and Gaus-
sian assumptions in disparity space allow for a straightfor-
ward error analysis such as the computation of the Fisher
information and Cramer-Rao Lower Bound (CRLB). Once
the CRLB in disparity space is known, one can derive the
corresponding CRLB in3-D by means of reparametrization,
thereby characterising the minimum variance of any3-D es-
timator from a rectified stereo pair of cameras.

We illustrate the stereo estimation in disparity space with
Bayesian stereo triangulation and provide the correspond-
ing 3-D estimates and their variance as well as compare the
accuracy of the estimator with the derived CRLB.

This paper is organised as follows. In Section 2, we de-
scribe the related work in this area. In Section 3, we describe
disparity space and its relation to the two image planes and
3-D. In section 4 we explain the concept of statistical esti-
mation in disparity space. We provide the statistical error
analysis for disparity space and3-D in Section 5 and illus-
trate the approach with Bayesian triangulation in Section 6.
In Section 7 we test the Bayesian triangulation on simulated
data and compare the performance to the CRLB derived in
Section 5. We conclude in Section 8.

2 Background
It is well known that3-D points reconstructed from stereo

images are corrupted by heteroscedastic noise and hence us-
ing stereo-reconstructed data as an input to further estima-
tion algorithms requires use of specific estimation methods
which explicitly model the error covariance [1, 2, 3, 4]. We
show that a proxy estimation problem can be formulated in
disparity space [5, 6, 7, 8], where the noise is reasonably as-
sumed to be homoscedastic and the usual linear/Gaussian
assumptions hold. The results of linear/Gaussian estima-
tion in disparity space can then be mapped into3-D via
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Figure 1: Schematic illustration of the heteroscedastic noise property
in stereo-reconstructed3-D state estimates. The image planes have been
split into discrete pixels and the corresponding image raysare shown. As
the object moves further away from the sensor, its position uncertainty in-
creases, as illustrated by the quadrilateral formed by the intersecting im-
age rays. The shaded quadrilaterals illustrate the uncertainty in the recon-
structed state estimate for a disparity valued = 3.

reparametrization of the posterior distribution which com-
pletely characterises the estimate in3-D.

Using the concept of disparity space, we also perform
an error analysis of the3-D from stereo estimation. Per-
formance estimation in computer vision is an actively de-
bated problem [9] and in the area of3-D reconstruction from
stereo, several papers address the error propagation due to
noisy image observations, for example [10, 11, 12, 13, 14],
however, little is known about the efficiency of these esti-
mators. Sibleyet al. [15] attempted to derive the CRLB for
estimation from stereo, though the work did not provide an
analytic form for the CRLB and assumed that the estima-
tion in depth was independent of co-ordinates parallel to the
image plane.

We derive the Cramer-Rao Lower Bound (CRLB) for3-
D state estimation from rectified stereo images, which pro-
vides the theoretical lower bound on the variance of any3-D
estimation from rectified stereo and can as such be used as
a performance metric in addition to the ground-truth data
used, for example, in [16] to evaluate the performance of
stereo reconstruction algorithms. An unbiased estimator
which meets the CRLB with equality is said to be efficient,
see, for example [17, 18]. We provide an example of such
an efficient estimator in the form of Bayesian triangulation
in Section 6. A stereo multi-object filtering extension of this
method was presented recently [19], which can be used for
automatic Bayesian feature correspondence in the presence
of false alarms and missed detections.

3 Disparity space
Let us assume that a pointW = (X, Y, Z)T ∈ R

3

is viewed by two distinct cameras, left camera with pro-
jection matrixPl and right camera with projection matrix

Pr. We denote the homogeneous equivalent of the point
W asW̄ = (X, Y, Z, 1)T ∈ P

3(R3). The images of the
point W are defined aswl = (ul, vl, 1)T ≃ PlW̄ and
wr = (ur, vr, 1)T ≃ PrW̄ in the left and right camera’s
image plane, respectively, where “≃” denotes equality up
to a scale factor. The corresponding pointswl andwr are
related by adisparitywhich, in the general case, is defined
as:

d(wl,wr) = (ur − ul, vr − vl). (1)

In the case of rectified images, the two corresponding points
lie on the same scanline, and the disparity simplifies to a
displacement along that scanline:

d(wl,wr) = ur − ul. (2)

For a rectified stereo pair of images, the disparity space is
then defined as a three-dimensional spaceD

3 = {u, v, d}.
The so-defined disparity space is a projective space. This
can be shown by deriving a projective transformationPD

betweenP3(R3) andP
3(D3), as follows.

We assume, without a loss of generality, a specific form of
the rectified projection matrices [20]. Let the left and right
rectified camera projection matrices,P̃l andP̃r, be written
as:

P̃l =





pl
11 pl

12 pl
13 pl

14

pl
21 pl

22 pl
23 pl

24

pl
31 pl

32 pl
33 pl

34



 (3)

P̃r =





pr
11 pr

12 pr
13 pr

14

pl
21 pl

22 pl
23 pl

24

pl
31 pl

32 pl
33 pl

34



 . (4)

Projecting a pointW̄ = (X, Y, Z, 1)T into left and right
view gives the left and right image point,wl andwr:

wl =





ul

vl

1



 =









pl
11

X+pl
12

Y +pl
13

Z+pl
14

pl
31

X+pl
32

Y +pl
33

Z+pl
34

pl
21

X+pl
22

Y +pl
23

Z+pl
24

pl
31

X+pl
32

Y +pl
33

Z+pl
34

1









≃ P̃lW̄ (5)

wr =





ur

vr

1



 =







pr
11

X+pr
12

Y +pr
13

Z+pr
14

pl
31

X+pl
32

Y +pl
33

Z+pl
34

pl
21

X+pl
22

Y +pl
23

Z+pl
24

pl
31

X+pl
32

Y +pl
33

Z+pl
34

1






≃ P̃rW̄ (6)

A point s ∈ P
3(D3), is defined as:

s =









ul

vl

ur − ul

1









=















pl
11

X+pl
12

Y +pl
13

Z+pl
14

pl
31

X+pl
32

Y +pl
33

Z+pl
34

pl
21

X+pl
22

Y +pl
23

Z+pl
24

pl
31

X+pl
32

Y +pl
33

Z+pl
34

pr
11

X+pr
12

Y +pr
13

Z+pr
14

pl
31

X+pl
32

Y +pl
33

Z+pl
34

− pl
11

X+pl
12

Y +pl
13

Z+pl
14

pl
31

X+pl
32

Y +pl
33

Z+pl
34

1















, (7)

and the linear transformationPD, for which

s ≃ PDW̄, s,W̄ ∈ P
3 (8)
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Figure 2: The nonlinear nature of3-D estimation from
stereo. The mapping from the state space onto the obser-
vation space is specified by the camera matricesPl andPr

and is nonlinear in Euclidean coordinates.

as

PD =









pl
11 pl

12 pl
13 pl

14

pl
21 pl

22 pl
23 pl

24

pr
11 − pl

11 pr
12 − pl

12 pr
13 − pl

13 pr
14 − pl

14

pl
31 pl

32 pl
33 pl

34









(9)
The transformationPD is the link betweenR3 andD

3 which
allows us to map the disparity space points into3-D and
vice-versa.

4 Statistical Estimation in Disparity
Space

Statistical estimation in3-D from observations generated
by a stereo pair of cameras must account for the nonlin-
earity in the observation model as shown in the Figure 2.
For example, in recursive Bayesian estimation, the object’s
state transition model in3-D can be modelled as linear, how-
ever, the observation model is clearly nonlinear. As a conse-
quence, estimating the hidden state in3-D with observations
given in the image plane does not have a closed form lin-
ear/Gaussian solution and approximations, such as particle
filters, must be used instead. Frequently, the nonlinearityin
the observation model is avoided by mapping the observa-
tions into3-D via triangulation, however, as pointed out by
Sibleyet al. [15], this inevitably leads to filter divergence.

The nonlinear observation model can be overcome in a
principled manner by estimating in disparity space instead.
Disparity space is linked to the3-D space, in which the ob-
ject really exists, via the projective transformationPD given
in Equation (9). If we know the hidden state estimates in dis-
parity space and have a calibrated and rectified stereo pair of
cameras, we are able to compute the corresponding hidden
state estimates in3-D space. The trick is in realising that
the transformation between disparity space and3-D does not
need to happen in the Bayesian recursion, where the nonlin-
earity of the observation model complicates things. Instead,
the recursive Bayesian estimation is done in disparity space
and the resulting posterior distribution is transformed into
3-D afterwards.
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Figure 3: Linear estimation in disparity space. Instead of approximat-
ing the non-linear transformation fromR3 to the two image planes, linear
estimation can be done in disparity space and the resulting state estimates
transformed intoR3 usingPD from Equation (9).

When estimating in disparity space, the hidden state now
becomes

s = (u, v, d)T , (10)

whereu andv designate image column and row dimensions,
respectively, with respect to the left image plane, andd de-
notes the disparity between the point(ul, vl) in the left im-
age and the corresponding point(ur, vr) in the right image.
We assume a rectified camera setup, which means that the
corresponding points are in fact(ul, vl) and (ur, vl), and
the disparity becomes a scalar value,d = ur − ul.

Contrary to estimation in3-D, we now do not have to
work with homogeneous coordinates anymore because the
observation model becomes a simple orthographic projec-
tion, one for each of the cameras:

H [1] =

(

1 0 0
0 1 0

)

, (11)

H [2] =

(

1 0 1
0 1 0

)

, (12)

and hence the observation model is linear:

(u, v)T = H [1]
s (13)

(u + d, v)T = H [2]
s, (14)

whereH [1], H [2] are the projections for left and right cam-
era, respectively.
The proposed framework is shown in Figure 3. An addi-
tional benefit of estimating in disparity space is that the noise
in the hidden-state estimates is homoscedastic. This is not
true for3-D space, where the variance of the state estimate
increases with the distance from the cameras. This in turn
means that we can formulate the recursive Bayesian estima-
tion in disparity space as a linear/Gaussian problem and pro-
vide an optimal, closed-form solution. The linear/Gaussian



model in disparity space lends itself to a straightforward er-
ror analysis and provides a perfect platform for statistical
error analysis of3-D estimation from stereo, based on the
observations in the image plane, which we provide in the
next section.

5 Error Analysis for Estimation from
Stereo

In this section we perform a formal analysis of the es-
timation error from a rectified stereo pair of cameras. We
provide the statistical characterisation of the estimation er-
ror in 3-D using the Fisher Information and the Cramer-Rao
Lower Bound (CRLB) [17].

5.1 Cramer-Rao Lower Bound in Disparity
Space

Let s = [u, v, d]T be a state in disparity space. Let us
then suppose that we samplen independent, identically dis-
tributed (i.i.d.) random variablesz[1]

1 , . . . , z
[1]
n from the first

camera likelihood functiong[1]
s (z|s) and m i.i.d. random

variablesz[2]
1 , . . . , z

[2]
m from the second camera likelihood

functiong
[2]
s (z|s). We assume that the observations in the

left camera are independent from the observations in the
right camera.

The variance var(ŝ) of any unbiased estimator̂s of the
states ∈ D

3 is bounded by the inverse of the Fisher Infor-
mationI(s):

var(ŝ) ≥ I(s)−1, (15)

where

I(s) = Es



−▽2 ln





n
∏

i=1

g[1]
s

(z
[1]
i |s)

m
∏

j=1

g[2]
s

(z
[2]
j |s)









(16)

=

n
∑

i=1

Es

[

−▽2 ln
(

g[1]
s

(z
[1]
i |s)

)]

+

m
∑

j=1

Es

[

−▽2 ln
(

g[2]
s (z

[2]
j |s)

)]

Now suppose that the camera likelihood functions
g
[1]
s (z[1]|s) andg

[2]
s (z[2]|s) are Gaussian, i.e.,

g[1]
s

(z[1]|s) = N (z[1]; H [1]
s, R[1]), (17)

g[2]
s

(z[2]|s) = N (z[2]; H [2]
s, R[2]), (18)

where the observation noise covariancesR[1] andR[2] are
assumed to be diagonal. The(i, j)-th element of the Fisher
Information Matrix for a Gaussian distribution is

Ii,j =
∂(z − Hs)T

∂si

R−1 ∂(z − Hs)

∂sj

, (19)

whereH is the projection fromD
3 onto the image plane,R

is the measurement noise covariance, andsi (sj) is thei-th

(j-th) element of the parameter vectors.

Hence the Fisher Information Matrices for the camera
likelihoods are

I [1](s) =









(R
[1]
11 )−1 0 0

0 (R
[1]
22 )−1 0

0 0 0









(20)

I [2](s) =











(R
[2]
11 )−1 0 (R

[2]
11 )−1

0 (R
[2]
22 )−1 0

(R
[2]
11 )−1 0 (R

[2]
11 )−1











(21)

For the joint likelihood:

gs

(

z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m |s
)

(22)

=
n

∏

i=1

g[1]
s

(z
[1]
i |s)

m
∏

j=1

g[2]
s

(z
[2]
j |s)

the Fisher Information Matrix is then:

I(s) = n · I [1](s) + m · I [2](s), (23)

which is a constant for any given number of measurements
n andm.

Hence

I(s) =









Is
11 0 Is

13

0 Is
22 0

Is
13 0 Is

13









(24)

where

Is
11 = n(R

[1]
11)−1 + m(R

[2]
11 )−1, (25)

Is
13 = m(R

[2]
11)−1, (26)

Is
22 = n(R

[1]
22)−1 + m(R

[2]
22 )−1. (27)

The Cramer-Rao Lower Bound (CRLB) is then found by
taking the inverse of (24).

var(s) =









(Is
11 − Is

13)
−1

0 − (Is
11 − Is

13)
−1

0 Is
22

−1 0

− (Is
11 − Is

13)
−1 0 Is

11/(Is
13 (Is

11 − Is
13))









(28)



5.2 Cramer-Rao Lower Bound in 3-D
The estimation in disparity space described so far does

not require any knowledge of the actual camera parameters
involved. The only assumption is that the cameras are recti-
fied. In order to establish the connection between estimates
in disparity space and estimates in3-D, the actual cameras
must then be specified. In the following we assume, without
loss of generality, a canonical rectified stereo pair of cam-
eras, where the left camera is at the world origin and the
right camera is displaced along thex-axis by a baselineB:

P̃l =





1 0 0 0
0 1 0 0
0 0 1 0



 , (29)

P̃r =





1 0 0 B
0 1 0 0
0 0 1 0



 . (30)

The correspondingPD is then

PD =









1 0 0 0
0 1 0 0
0 0 0 B
0 0 1 0









, (31)

and the resulting link between the disparity space and3-D
in Euclidean coordinates is as follows:

(
X

Z
,
Y

Z
,
B

Z
, 1)T ≡ (X, Y, B, Z)T ≃ PD(X, Y, Z, 1)T ,

(32)
where the homogeneous4-vector with the last coordinate
equal to1 can then be interpreted as a Euclidean3-vector
and hence

(u, v, d)T = (
X

Z
,
Y

Z
,
B

Z
)T . (33)

Let therefores = [u, v, d]T be a state in disparity space as
before,s ∈ D

3, andW = [X, Y, Z]T be the corresponding
state in3-D, so that(u, v, d, 1)T ≃ PD(X, Y, Z, 1)T , where
PD is now given in Equation (31).

The Fisher information is dependent on the parametrisa-
tion of the state space chosen. By the chain rule, we can
use the Fisher Information Matrix in disparity space, (24),
to find the Fisher Information Matrix in3-D,

I(W) = JT I(s)J, (34)

whereJ is the Jacobian matrixJ = ∂s

∂W
with components

Jij = ∂si

∂Wj
.

Hence, the Jacobian matrixJ is









Z−1 0 − X
Z2

0 Z−1 − Y
Z2

0 0 − B
Z2









(35)

Let Is
ij refer to the individual elements inI(s). Then the

Fisher Information Matrix for3-D becomes

I(W) =
1

Z2









Is
11 0 K13

0 Is
22 − 1

Z
(Is

22 · Y )

K13 − 1
Z

(Is
22 · Y ) K33









,

(36)

where

K13 = −
1

Z
(Is

11 · X + Is
13 · B) , (37)

K33 =
1

Z2

(

Is
11 · X

2 + Is
13 · (2X + B)B + Is

22 · Y
2
)

.

(38)

The inverse of this gives us the minimum variance on the
estimator for3-D. The information about any estimate inX
or Y degrades with 1

Z2 , and the information aboutZ de-
grades with 1

Z4 . It should be stressed thatI(W) has no
dependence on disparity space and that the result above is
the Fisher Information for a pair of rectified cameras. The
inverse ofI(W) (CRLB) gives the minimum measurement
error covariance for estimation in 3-D.

var(W) =
Z2

B2
·

1

Is
13 (Is

11 − Is
13)









L11 L12 L13

L12 L22 Is
11Y Z

L13 Is
11Y Z Is

11Z
2









(39)

where

L11 =
(

Is
11X

2 + Is
13(2 X + B)B

)

, (40)

L12 = (Is
11X + Is

13B)Y , (41)

L13 = (Is
11X + Is

13B)Z, (42)

L22 =
I11I22Y

2 + I13B
2 (I11 − I13)

I22
. (43)

6 Bayesian Triangulation
In this section, we illustrate the statistical3-D estima-

tion process with a Bayesian approach to stereo triangula-
tion from a rectified pair of cameras and compare the per-
formance of the estimator to the Cramer-Rao Lower Bound
derived in Section 5.2.

6.1 Bayes Update in Disparity Space
We select a prior distributionρs(s) in disparity space and

apply Bayes’ rule with the likelihood given in Equation (22).
Hence the posterior distribution updated withn measure-
ments from the first sensor andm measurements from the
second sensor is

ps

(

s|z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m

)

= (44)

ρs(s)gs

(

z
[1]
1 , . . . , z

[1]
n , z

[2]
1 , . . . , z

[2]
m |s

)

∫

ρs(s′)gs

(

z
[1]
1 , . . . , z

[1]
n , z

[2]
1 , . . . , z

[2]
m |s′

)

ds′



In order to obtain a closed form solution for the posterior
distribution in equation (44), we select a Gaussian prior
ρs(s) in disparity space. The posterior distribution is then
obtained through the recursive application of the Kalman fil-
ter update [21, 22].

Suppose that the prior distribution in disparity space is
the GaussianN (s;m, P ). Then, for each measurementz

[i]

from the camerai, we update the prior with the Gaussian
likelihood N (z[i]; H [i]

s, R[i]) to obtain the updated poste-
rior GaussianN (s; m̂(z[i]), P̂ ) as follows.

N (z[i]; H [i]
s, R[i])N (s;m, P ) = q(z[i])N (s; m̂(z[i]), P̂ )

(45)

where the updated mean and covariance are calculated with

m̂(z[i]) = m + K(z[i] − ẑ), (46)

P̂ = (I − KH [i])P, (47)

and where

q(z[i]) = N (z[i]; ẑ, S), (48)

ẑ = H [i]
m, (49)

K = P (H [i])T S−1, (50)

S = H [i]P (H [i])T + R[i]. (51)

The normalising factor for the Bayes update with a single
measurement isq(z[i]), so this term cancels and we are left
with the GaussianN (s; m̂(z[i]), P̂ ). The update described
above can be applied recursively for all of the measurements
received from both of the cameras. Hence the resulting pos-
terior is Gaussian in disparity space.

6.2 Reparametrization in to 3-D
In order to obtain the state in3-D, we need to

reparametrize the posterior distribution from disparity
space to the3-D co-ordinate system.

Theorem Suppose that the posterior distribution in
disparity space is given by the Gaussian distribution

ps

(

s|z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m

)

= N (s; m̂, P̂ ). (52)

Then the posterior distribution in3-D is given by

pW

(

W|z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m

)

(53)

=
B

Z4
· N (PD(W); m̂, P̂ ),

where PD(W) denotes the disparity space projection
of the 3-D point W = (X, Y, Z)T ∈ R

3 in Euclidean
coordinates. For example, for a canonical set of rectified
cameras with a baselineB, (X/Z, Y/Z, B/Z)T = PD(W).

Proof In order to simplify the notation, we write

ps(s) : = ps

(

s|z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m

)

(54)

pW(W) : = pW

(

W|z
[1]
1 , . . . , z[1]

n , z
[2]
1 , . . . , z[2]

m

)

. (55)

Then, if we reparameterize the posterior into3-D, we
have [23]:

pW(W) = ps (PD(W)) · |JW(PD(W))| (56)

where|JW(PD(W))| is the absolute value of the Jacobian
determinant, with the Jacobian matrix given in Equation
(35). The Jacobian determinant equalsB/Z4 and hence the
posterior in (54) follows.

7 Simulations
In this section, we present some simulated results for the

Bayesian triangulation and compare with the Cramer-Rao
Lower Bound for stereo estimation derived in section 5. The
results compare the diagonal elements of the CRLB with
the covariance matrix from Bayesian triangulation that has
been reparametrized into 3-D. The covariance is found by
reparametrising the with

I(W) = JT P−1J, (57)

whereP is the covariance estimate determined in disparity
space through the Kalman filter update andJ is the Jacobian
in section 5.2.

The mean inX , Y andZ are found with

E[X ] =

∫

∞

0

X · pW(W)dW (58)

E[Y ] =

∫

∞

0

Y · pW(W)dW (59)

E[Z] =

∫

∞

0

Z · pW(W)dW (60)

respectively. in order to computeE[X ], E[Y ] andE[Z].
The simulations results were taken over 100 Monte Carlo

runs. The baseline was chosen asB = 100m, and the point
in 3-D space was[50, 0, 25]T , which gives a point in dispar-
ity space of[2, 0, 2]T . The observation covariancesR1 and
R2 were the same for each camera,

R1 = R2 = σ2

(

1 0
0 1

)

, (61)

with observation noise standard deviationσ = 0.3. The
filter is initialised with a random mean and large covariance
matrix to represent an uninformative prior.

Figure 4 compares the diagonal elements in the CRLB
and Bayes updated covariance matrix. Note that the results
of the Bayesian triangulation correspond with the CRLB
which indicates that the estimator is efficient. This should
be expected since the estimator is Bayes-optimal in dispar-
ity space and finding the mean in the reparametrised space
is therefore also Bayes-optimal. Figure 5 compares the sam-
ple variance from 100 Monte Carlo runs using numerical in-
tegration inZ. The sample variance is actually below the
CRLB in these simulation runs which indicates a possible
bias in the experiments. This bias could be introduced in the
numerical integration step since we are required to define a
finite region in which to integrate.
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Figure 4:Comparison of the diagonal elements in the CRLB and Bayes
updated covariance matrix.
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Figure 5: Comparison of the diagonal elements in the CRLB and the
RMSE inX, Y andZ for 100 Monte Carlo runs.

8 Conclusion
In this paper, we derived the Cramer-Rao Lower Bound

for 3-D state estimation from rectified stereo. Using dis-
parity space as an intermediate space between3-D and the
measurement spaces (the image planes), we derived an ana-
lytic form for the Fisher Information matrix and the Cramer-
Rao Lower Bound. We illustrated the3-D estimation with a
Bayesian approach to stereo triangulation in disparity space
and analysed the performance of the algorithm with respect
to the derived bound. The results presented are an essential
performance measure for the reliable assessment of object
estimation and3-D reconstruction algorithms from stereo.
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